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Abstract: In this paper the Binet form of Lucas numbers is solved
using Geometric sequence. Moreover, in this paper, a closed form
expressions for infinite series involving Lucas numbers are
derived for finding the value of 7.
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1. INTRODUCTION

In 1202, the Italian mathematician Leonardo Fibonacci,
introduced the Fibonacci sequence [, using rabbit problem

[1]. The Lucas numbers named after the French mathematician
Francois Edouard Anatote Lucas in the beginning of the
nineteenth century. The Lucas number sequence is also one of
the most popular linear sequences in Mathematics. The Lucas

sequence L, is defined by recurrence relation,

L =L  +L ,,n>1, L, =2, L =1 . (L1)
It can also be represented in matrix form by,

Ln—l _ 1 1 Ln—2

L, 11 o L, ...(1.2)

The Lucas numbers are closely related to Fibonacci numbers.
The two sequences are related by the formula,

1 (1
Fn :_(Ln—l+Ln+l)’n21 ( 3)
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The Binet form for the Lucas sequence is
L =a"+p", n21 ..(1.4)

The proof of above Binet form is given by Datta [2] and many
other authors also. Stakhov and Rozin [3] developed theory
of Binet formulas for Fibonacci and Lucas p-numbers. Koshy
[4] studied Applications of Fibonacci and Lucas Numbers.
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Hoggatt and Ruggles [5] produced some summation identities
for Fibonacci and Lucas numbers involving the arctan
function. Vajda [6] developed Theory and Applications of
Fibonacci & Lucas numbers and their Golden Section.

In this paper the Binet formula for Lucas numbers is derived
using Geometric sequence and we have extended a theorem
found in [7] and a new closed- form evaluations of infinite
series involving Lucas numbers are derived by elementary
methods for finding the value of 77 .

2.PROOF OF BINET FORMULA

If we find the quotient of consecutive terms of Lucas numbers,
it approaches to 1.618033... , called Golden Ratio. The
irrational number, Golden ratio, is widely used in modern
sciences. Many authors [8, 9, 10] have already worked on
Golden Section. Here we are using this ratio to show that
Lucas sequence, resembles to Geometric sequence. Geometric

sequence has terms G, =a - r"

We know,
Ln = Ln—l +Ln—2
Sar"=a-r"+a-r"?

=ri=r+l

1£4/5
=>r= 5

n—1
1+
Now we have two sequences G, | =a 2\/5 and
n-1
1-

Hn—l =da T\/g

In particular, L, =2 but for G, H ;to be two we need a =2
Agan G, +H, =G, +H,  +G, ,+H, , Therefore,

Gn_1 +H .1 also satisfies this recurrence.









