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Abstract: The multiple Erdélyi-Kober integral of the I-
function, incomplete I-function connected to
Srivastava polynomials is presented in this paper.

Here, a few inferences using the H-function, H-
functions  and rlg'l'qn(z)
VI;,"_l’qn(z) functions are obtained. As particular

examples of the original conclusion, countless more
integrals emerge because of the universal nature of the
I-function and Srivastava polynomials.

incomplete and
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1. INTRODUCTION

Rathie [1] created the I-function, an extension of
the well-known H-function, H-function and G-
function [2]. The precise partition function of the
Gaussian model in statistical mechanics, along with
other helpful functions for testing hypotheses, are
all contained in the I-function [1]. The following is
the representation of the I-function using a Mellin-
Barnes type contour integral.

N 7] = [Z (@, Aj; @)1 n, (@, Aji @) p

Fe P@ " | by, By B (by, By B w1,

=2im,fL9(s)zsds (1.1)

where

6(s) = M /o a5,
N9y a7 =48 1y, T (2= A5)

Also,

i)z #0,

(i) w = V-1,

(iii) M, N, P,Q are integers satisfying 0 < M <

Q,0<SN<P.
(iv) L is a suitable contour in the complex plane.

(V) An empty product is to be interpreted as unity.
(i)4;,j=1,...,P;B;,j=1,...Q: @;,j=1,...,P and
Bj,j=1,...,Q are real positive numbers.

(vii) a;, j=1,...,P and b;, j = 1,...,Q are complex
numbers.

There are three different contours L of integration.

() L goes from g — i to 0 + i, (o is real) so that
all the singularities of 7%i(b; — B;s), j =
1,...,M lie to the right, and all the singularities
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of (1 — a; + 4;s),j = 1,...,N lie to the left
of L.

(b) L is a loop beginning and ending at +oo and
encircling all the singularities of fﬁf(bj —
Bjs), j = L1...M once in the clockwise
direction, but none of the singularities of
(1 —a; + 4js),j=1....N.

(c) L is a loop beginning and ending at —oco and
encircling all the singularities of /(1 — a; +
Ajs), j = 1,...,N once in the anti- clockwise
direction, but none ofthe singularities of
I%i(b; - Bjs),j=1,..M

In short equation (1.1) will be denoted by,

szl (4,45 5), ,
Ipg |2
(b, B;; ﬂj)l_Q

For «; (and / orfj ) not an integer, the poles of the
gamma functions of the numerator in (1.2) are
converted to branch points. The branch cuts can be
chosen so that the path of integration can be
distorted for each of the three contours L mentioned
above as long as there is no coincidence of poles
from any I'(b; — B;s), and I'(1 — a; + 4;s) pair.

The sufficient conditions for convergence of (1.1)

are following:

0 = XIL1|BiB;| + Z)-alAjas| — ZP_paa|BiBy] —
Zf=N+1|Aja’j| >0(14)

And

larg z| < 9%

where 6 is given by (1.4).

Srivastava [3] introduced the general class
of polynomials
Sa[x] = ZRT R AN = 0,12, (L5)
where A is an arbitrary positive integer and the
coefficients An, (N, I> 0) are arbitrary constants,
real or complex.
Letm > 1 be aninteger; §; = 0,y; ER,B; > 0,i =
1,2,...,m. We consider §; (multiorder of fractional
integral); y; (multi-weight); g; (additional
parameter) then generalized fractional integral or
multiple Erdelyi- Kober integral ([4], [5]) is defined
by

(1.3)
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If(2) = I f @ =
1 1

1 Ve +6+1——,7im
f Hpo o 1 ﬁkl P f(zo)do;
0 _—

(]/k 'J' 1 Bk "Bk)l,m

if X216, >0(L6)f(2) =f(2) if 6, =6, =
=8, =0 (L7)

Almost all the fractional calculus operators and
most of their generalization fall in the generalized
fractional calculus as special cases by taking
multiplicies m= 1,2,... and special parameters.

The following lemma ([5], [6]) will be required to
establish our main results

Lemma:For §; =2 0,y; ER,[;>0,(i =
1,2,...,m),
p>max[=fi(yi+ D]y 2 -1p >0
Iyi+1+5)
0.y, p1 — TIm B 2P
Ity m [27] =1 465 14 ) (18)

The incomplete I-functions, the generallzed form of
I-function described by Rathie, which are the
expansion[8] formulae of well reconized Fox’s H-
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]'[] Jr(a- u]+U]s)} (1.
A

Mg {1 (uj= ;)

12)

where the incomplete gamma functions y (s, x) and
(s, x) defined as follows:

y(s, x) = fox t5"le7tdt (R(s) >0; x =

0), (1.13)

and

I'(s, x) = [[t57'e™tdt  (x=0; R(s)>0)
(1.14)

Known as lower and upper incomplete gamma
functions respectively.

The incomplete I-functions defined in (1.9) and
(1.10) exist for all x = Ounder the same contour
and circumstances defined by Rathie[1].

2. MAIN RESULTS

Result 1:

I(Vl) (8
Bim

Iy (z“(z +&)7°

Mz*(z + &)y (2P (2 + §)™) x
(aijjF aj)l,P)]

function and many related functions. Recently, new (bj, Bj; B
classes of incomplete I- e [N, /Ml]( 1) Zm+pk1
Yy m n rym,n =7 — X
function q (2) and g (@) have é r;) kz m+qk1 ( 1)M1k1
investigated by Jangld et al.[9] and are defined as '
follows: A(N,, k) y
}/I m, n(z) — kl!
n [Z |(u1, Uy; 44:%), (ug, Uz; 42), -, (Up, Up; /11))] JMN+1+] [ 7 (1 —2A—m—qky;p),
(01, Vi 1), -, (Vg Vs g) PH2,0+1+1 fpl B;; Bi)1,0/ (10_ A= qky; p),
— vmn [z (uy, Up; A1:x), (w5, Uj; 4) 2 =vi— l?_i(k +m+ pki);E)' (a;,4;;a)1,p
ba (v]l J;ﬂj)lq 1 o
‘ —yi— 8 ——(k +m + pk;); <
—f (s, 0)2" ds, (1.9) (=ri—di =5 ( pki)i 2
2mi (21)
e Where
rym, —
Ipq (2) = 5 > 0,7, €R B >0,
o | |02 U 20220, (Ui Do), (i, Ui )] YiER i >
[pq |2 (1, Vi 1)), ---,(vq,Vq;uq) (k+m+pk ))2—1,(i=1,2,...,l).
Uy, U ) A X ’ A
rmn z(1 v A2, (4 Uy )2'p = 0,p20,l21,|argz|<lAT[
2
p.q ( ]' ]' ”)1 q
L[ (s 07 d RORT) where
— s,x)z ds, .
ami 7 A= Z] 1|B '81| +Z 1|A a]l ] M+1|Bjﬁj|

for all z # Owhere
{y(1—uq+U;s,0)}1 Hﬁl{l"(vj—vjs)}”j

¢ (s, %) = M7 =05 v,5))T
]'[] J{r(1- u]+U]s)} (111)
1_[j=n+1{1ﬂ(“1 Ujs)})L
and
Y(s, x)

_ 00—+ Uy, o) T {1y, = Vis))
H?=m+1{r(1 -yt V}'s)}ﬂj

- Z |4j05] > 0;

j=N+1
min
Re(k)+o1 <j<m [Re <ﬁ)]
Bj
min
Re(M+py<j< M[Re (ﬁ)]
Bj

Result 2:
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(B)ml) [25(z + ) ASy2 (2P (z + ©)™) X
(uqg, Ug; A4: %), (uj' Ui; /1}')211’]

z%(z+ p
X [ S 3 Vi g

oo [N;/M]

S

A(Nl’kl)x
(1-2A—-m=—qky;p),

k [
TMN+1+1 [
fp i Vistidie (1 — A — qkq; p),
(=¥i = (k +m+ Pk 2, (w, Uji A1 p

P+2,Q+1+1
(=¥ = 8 =5 (k + m+ pk); )

( 1) Zm+ pky

m+qk1

(=N

1)M1k1 X

(2.2)
Where

6; =20,y €R B >0,

1
(yi+ﬁ—(k+m+pki)) >_1,3i=12...,
i

o,p=20,l=>1,]argz| < %An
Where

A= ZIBﬁJ|+Z|A | - Z 15,61

j=M+1

- Z 4] > 0;

j=N+1

).

min

Re(k)+oq < < M[Re(%)]
i)

min

Re(M+pi<jcm [Re (Z—J)]
]

Result 3

1408024 (2 + ) S (7 (2 + £7) X

"Ly 2%z +§)7°
(ul, Ul; /11: x), (u], U], /1])2.13:|
W, Vis i) 1,q

o [N/M;] ( 1) Zm+Pk1

A
=z é: z Z m+qk1 (_ 1)M1k1 X
m=0 k=0
A(N1’ kl) %
k!
Y [MN+1+1 [ (1 —A—m—qky;p),
P+2,0+1+ |gp Vistj)i,o (1 — A — qky; p),
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(=vi— B (k + m+ pky); ﬁ_i)' (u;,

(

Uj;/'lj)l,P
1
—y; — 6; _E(k +m+pki);%)

(2.3)
Where

6;=0,y; €ER,[5; >0,
<yi +%(k+m+pki)> > _1,3i=12...
g,p=01=1,largz| <%An
Where

A= Z|Bﬁ,|+Z|A | - Z 15,61

j=M+1

- z |4ja;] > 0;

j=N+1

D).

min
Re()+ 01 _ i < yr|Re b;
B]

min
Re(D)+p1 < < m|Re (2
<j< B,

Proof:

In order to prove (2.1), (2.2) and (2.3), we first
translate the I-function into the Srivastava
polynomials and the Mellin-Barnes integral (1.1)
using (1.6). With a few minor simplifications,
applying the Lemma (1.8) and reversing the
sequence of integration and summation, we reach
the desired outcome.

3. Special Cases:

()On taking aj=1 (G =N+1,...,P) and B; =
1G =1,...,M)in (0.3.3) the I-function
reduces to the H-function given by Inayat
Hussain [7] as follows :

D.(8; _ _
IGONO[2* (2 + ©) Sy (2P (z + §)7™9) X

(z"(z

(a;, A )18, (@5, Aj; Dingp

M,N
Ipg

+ &P
E) |( ]r }Il)lMﬂ(]! ]:ﬁ])M+1Q>:|
o] [Nl/Ml k
K (=1)mzmP A(Ny, ky)
=78 Z Z Tt g C N T
m=0 k;=0

X

FMAN+1+ [ (1 —A—m—qky;p),

P+2 ,Q+1+1 fp (bj‘ Bj; Bj)M+1,Q'
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(=i
(1 —=2—gky;p), (=yi — 6
(3 1)
(i) Taking a;=1(G=1,...,P) and p;=
1(G =1,...,Q)the I-function reduces to the
well-known Fox’s H-function as

L 61 - _
1G9 (2 (2 + £) RSy (2P (z + §)79) X

. pu (@451 p
IngN (Z (Z+ f) Pl( ] ]],; l)l,Q)]

o [N1/M1( 1"z Smpks

=) ),

m=0 k;=0
A(Ny,k1)

kq!

m! S;m+qk1( Nl)M1k1 x

HMAN+LHL (1 —=2A—m—qky;p),
P+2,Q+1+1 %’p

(bj, Bj)1,0: (1 = A = qky; p),
1
(=vi = (k + m+pk;);
L

o
i 'E): (aj, 4)1,p

(1= 8= - e+ m o+ Pl )
Bi Bi
32
(iii) Taking 4, =1(G =1,...,m) in (2.2) the I-
function reduces to incomplete TI{,""qn(z) -

function [10] as

IGO0 [2% (2 + O AL (2P (2 + §)7) X
T2+ )
(uq, Uy 1:x), (w;, Uj; 1)2‘1,]

(Vj' j;.uj)lq

o [N1/Mi]

43S

m=0 k=0

A(Ny, ky) 9
ky!

FyMN+1+1
Ipis Q+1+1 Ep

1)m m+pkq

m! {:m+qk1( Nl)M1k1 X

(1—-2A—-m~—qky;p),
D Vi) (1 — 24— qky; p),
( Vi — E (k +m+ pki); %): (uj' Uj; 1)1'P

1 o
=6 =5 (k+m+pk); D)

(=vi
(3.3)
(iv) Takingu; =1 (G =n+1,...,p) in (2.3) the I-
function reduces to incomplete "I;"."* (z) -
function[10] as

L 61 - -
1500 24z + £) A (2P (2 + €)™ X
a2+ )7
(uy, U A2 ), (W), Ui A2
W, Vi Dag
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m+qk1 ( 1)M1kl

A(Nl, k)
k!
}7[11;4;1;1+1+1 [_ (1 =2A—m—qky;p),
Q1+ ep Vis D1, (1 =24 = qky; p),
(=¥i =5 (k +m+ Pk 2, (Ui ) p

1
(=¥i = 8 =5 (k + m +pk); )

(3.4)
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3. CONCLUSION

The results were not only quite broad in nature, but
they were also presented in a concise manner,
making them suitable for application. The current
finding brings together many new discoveries in an
intriguing way and extends them.
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