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Abstract- This manuscript deal with the three-dimensional
(3D) heat like equations solved by the Artificial neural
network based Levenberg Marquardt algorithm (ANN-
LMA) The numerical result is handleled by the Taangana
Toufik scheme. The comparison between the ANN and semi-
analytical trechniques are shown in tables.
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1. INTRODUCTION

The Machine learning based Artificial neural network
(ANN) is a type of computational prototypical inspired by
the functioning of biological neural network in human
brain. It is a type of deep learning that uses to acquire
about the realtionships of input/output datas and
understanding the complex patterns. The principal
components of ANN are Neurons (Nodes), weights,
Activation  functions, Back Propogation, Loss
calculations, Optimzation and Training of the input datas.
Nowadays, ANN are widely used in Fractal-Fractional
type differential equation, Nanofluid dynamics,
Mathematical modelling etc., [1-8].

2. ATANGANA TOUFIK METHOD (ATM)
It is a numerical method based on two steps lagranges
multipliers polynomials. This method is free from
discretization and assumpstions and delivers accuracy,
stability, efficiency, and convergence to solve fractional
differential equations of constant and variable orders [9-
17].

3. ANN-LM METHOD

The artificial neural network based Levenberg-Marquardt
algorithm is a controlling optimization technique to
trained the neural network and minimizing the error
providing input and output datas by least sqaure method.
The ANN-LMA is hybrid technique combined from
Gradient Descent and Gauss-Newton method.

In this paper we have derived 500 data points from the
atangana-toufik method and trained the data by ANN-
LMA. Out of which 70% is used for training, 15% is for
testing and 15% is aimed at validating. We inspect the
mean square error (MSE), Comaparative study between
the Numerical methods and ANN-LM, Error plots and
regression analysis. Through MATLAB nntool/nftool
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command we trained the obtained data and compared with
the numerical method.
Theses are the step-by-step method for trained the data:
Step-1 Create the datas
Step-2 Use Matlab builtin function nftool/nntool to store
input (independent variable(s)) and ouput
(dependent variable(s)) the data.
Step-3 Use Activation functions (Sigmoid, Tanh, linear
etc.) to approximate the function datas.
Step-4 Create ANN-LM structure.
Step-5 Established Training Parameters.
Step-6 Train the network (Input/Output).
Step-7 Examine and Predict the output data.
Step-8 Evaluate the performance of ANN-LM.
Step-9 See the results obtained by ANN and Numerical
method.
Step-10 Assess the Comapritive results, MSE, Validating
performance, Error histogram and Regression
analysis.

4. THREE-DIMENSIONAL (3D) HEAT-LIKE
EQUATIONS

4.1 Consider the following heat-like equation [14,15]
w(x,y,2,t) = a(ug, + Uyy + Uzz)
with the initial conditon
ule,y,z0)=x>—-x+y>*—y+z2—z
At a = —1, the exact solution is given by
u(x,y,z,t) =x*—x+y’—y+z2—z+6t.

Table 1: Numerical solutions of example 4.1

u(x,y,zt) Exact Ref. Present
solution [15] solution (ANN)
(0,0,0,0) 0.00000 | 0.00000 | 0.00000
(0.1,0.1,0.1,0.1) | 0.33000 | 0.33000 [ 0.33000
(0.2,0.2,0.2,0.2) [ 0.72000 | 0.72000 [ 0.72000
(0.3,0.3,0.3,0.3) [ 1.17000 1.17000 [ 1.17000
(0.4,04,04,04) [ 1.68000 1.68000 [ 1.68000
(0.5,0.5,0.5,0.5) | 2.25000 | 2.25000 [ 2.25000
(0.6,0.6,0.6,0.6) | 2.28000 | 2.28000 [ 2.28000
(0.7,0.7,0.7,0.7) | 3.57000 | 3.57000 [ 3.57000
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Figure 1: Schematic diagram of ANN
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Figure 2: Solution prediction of u through ANN
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Figure 3: MSE of u through ANN
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Figure 4: Gradient and Mu of u by ANN
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Figure 5: Error histogram of u by ANN
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Figure 6: Regression analysis of u by ANN

4.2 Consider the following heat-like equation [/4,/5]
U (6, 9,2,t) = A(Upx + Uyy + Uy,)

with the initial

conditon
u(x,y,z,0) = e¥tvtz

At a = —1, the exact solution is given by
u(x' vz, t) — ex+y+z+3t_
Table 2: Numerical solutions of example 4.2
u(x,y,z,t) Exact Ref.[15] Present
solution solution (ANN)

(0,0,0,0) 1.00000 1.00000 1.00000
(0.1,0.1,0.1,0.1) | 0977122 0.977122 | 0977122
(0.2,0.2,0.2,0.2) | 0.895094 | 0.895094 | 0.895094
(0.3,0.3,0.3,0.3) | 0.728847 0.728847 | 0.728847
(0.4,04,0.4,04) | 0445108 0.445108 [ 0.445108
(0.5,0.5,0.5,0.5) | 0.000000 [ 0.00000 0.0000000
(0.6,0.6,0.6,0.6) | -0.66402 -0.66402 -0.66402
(0.7,0.7,0.7,0.7) | -1.62207 -1.62207 -1.62207

Best Validation Performance is 0.00057159 at epoch 178
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Figure 7: MSE of u through ANN
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Figure 8: Gradient and Mu of u through ANN
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Figure 10: Regression analysis of u through ANN

5. CONCLUSIONS

In this paper we have discussed the three-dimensional
heat-like equations with initial conditions. These
equations have been solved by the ANN based back
propogation algorithm. Table 1 and 2 are shown the
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accuracy of ANN approach with the semi analytical and
xeact values. Schematic diagram of ANN was designed in
Figure 1. The region of solution prediction u(x, y, z, 0) is
depicted in Figure 2. In Figure 3 the mean square error
MSE of u shows a best validating performance 6.637e-10
at 94 epochs. Figure 4 designate the principles of Gradient
(first derivatives/Jacobian wrto weight function) and Mu
(restraining aspect of governing Gradient Descent and
Gauss-Newton  method) as (1.235e-05, 1e-07)
respectively. Figure 5 depicts error histogram between the
errors and validating, testing, and training datas. Figure 6
is plotted for regression analysis where ¥ represent the
average of the true values, the range of R? is between 0 to
1. R = 1 entitles an excellent arrangement among the
predicted values and exact values. Figure 7 calculated for
MSE of u (example 4.2) demonstrate a best validating
performance 5.7e-05 at 184 epochs. Additionally Figure 8
describes the values of Gradient and Mu as (4.96e-03, le-
06) correspondingly. Figure 9 represents error histogram
between the errors and validating, testing, and training
datas of 184 epochs. Figure 10 is plotted for regression
analysis between the indepent variable and dependent
variable and R = 1 emphasise an excellent realtion with
the predict and exact solutions
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