
A Modified Homotopy Analysis Method 
to Solve Fractional Telegraph Equation

Abstract: The objective of this paper is to apply Homotopy analysis 
natural transform method for finding solution of telegraph 
equation of fractional order. This method is based on homotopy 
analysis method (HAM) which provides us with a simple yet 
effective way to adjust and control the convergence region of the 
infinite series solution by introducing the auxiliary parameter h. 
Fractional derivatives are described in Caputo sense. Numerical 
solutions are obtained to compare accuracy and ease of 
implementation. 
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1. INTRODUCTION

In recent years, a lot of research has been done on finding 
numerical solutions of  fractional differential equations.  In this 
context, many new methods have been investigated such as 
Adomian decomposition method [1-2], Homotopy perturbation 
method [3, 4], Homotopy analysis method (HAM) [5-10], 
Laplace Decomposition Method [11], Homotopy Perturbation 
Sumudu Transform Method [12] and Homotopy Analysis 
Transform Method [13] to mention a few.

One more variant of HAM is Homotopy Analysis Natural 
Transform Method ( HANTM )which has been introduced by 
Ziane and Cherif [14] for the solution of nonlinear partial 
differential equations. This method is a combination of Natural 
transform method [15] and Homotopy analysis method. The 
natural transform is a transform similar to Laplace transform as 
well, as the Sumudu transform  and is defined by an integral. 
This transform along with HAM has been used by many 
researchers in the resolution of linear differential equations [ 16-
19].

In this paper we aim at solving fractional telegraph equation by 
the so called HANTM. The telegraph equation is a partial 
differential equation with constant coefficients which arises in 
the study of propagation of electrical signals in a cable of 
transmission line and has applications in numerous fields such as 
wave propagation [20], signal analysis [21], random walk theory 
[22], etc. 

The paper is organized as follows. Some basic definitions and 
properties used throughout the paper are given in Section 2. In 
Section 3, we apply Homotopy Analysis Natural Transform 

Method for finding accurate approximate solutions to the 
fractional telegraph equation. Section 5 contains final 
conclusions.

2. BASIC DEFINITIONS

Here we present some basic properties and definitions of 
fractional calculus theory, natural transform and natural 
transform of fractional derivatives which are used further in this 
paper.

Fractional calculus. In the literature, many definitions of 
derivatives of non-integer order are available.We introduce here 
definition and properties of Riemann–Liouville fractional 
integration and definition of fractional differentiation given by 
Caputo. 

Definition 2.1. The definition of Riemann-Liouville fractional 

integral of order  of a function f (x) is given by [23]a
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Definition 2.2. 

The Caputo fractional derivative of f (x) is defined as

N-transform. 
We give some basic definitions and properties 
of the N Transform which are used further in this paper (see 
[15], [19]). 

Definition 2.3
The Natural Transform of the function f (x)>0 and f (x)=0 for 
x<0 is defined over the set of functions: 
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by the following integral

and the inverse Natural Transform of the function f (x) is 
defined by

where s and u are the Natural Transform variables. 
Further if    (s,u)is the N-Transform of the function, then we 
also have the following results

Definition 2.4, N-Transform of fractional integral of order a�

is defined by

Definition 2.5 N-Transform of fractional derivative  of order 
 is defined bya

Definition 2.6 N-Transform of f (x)�multiplied with shift 
nfunction x  is given by

3. HOMOTOPY ANALYSIS NATURAL TRANSFORM 
METHOD

In this section we apply the HANTM to the following space-
fractional telegraph equation:

subject to the conditions

using the property of N-transform, we have the following form

Using initial conditions given by (3.2), we further get 

We define the nonlinear part as

By means of homotopy analysis method, we construct the so-
called zeroth-order deformation equation 

where is the embedding parameter,  is an H(x,t)¹0

auxiliary function, h¹0 is an auxiliary parameter, is an 

auxiliary linear N-Transform operator and    (x,t;q) is an 

unknown function. When q= 0 and q = 1, we have

I

where  is Caputo fractional derivative defined by (2.2).cD  x

Applying the N-Transform on both sides of telegraph equation
(3.1), we get
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Differentiating (3.7) m times with respect to q, then setting , q=0

and finally dividing  by , we have the so-called mth-order m!
deformation equation

where

Applying the inverse N-Transform on both side of equation

(3.12), we have

Using the initial condition (3.2), the iteration formula (3.15) 

and (3.16), we obtain

Proceeding similarly, we can find other components of 

HANTM.So approximate solution of (3.1) in a series form is 

When , the approximate solution of (3.1) is given by h=-1

and when a=2, we obtain

which is an exact solution to the fractional telegraph equation .
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4. NUMERICAL RESULTS

Figure 4.1: Surface showing approximation solution of 

equation (3.1) when (a) a�=�1.25, h =�-1.5 (b) a�=�1.75,

h =�-0.8.

Figure 4.2: Surface showing the approximation solution of 

equation (3.1) when  and (a)  (b) a�=�2 h =�- 0.8 h =�-1.5.
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5. CONCLUSION

The present work may be helpful in understanding HANTM, an 
efficient modification of HAM in which Natural transform is 
coupled with HAM.  An application of the approach is made to 
solve fractional order telegraph equation. We have shown that 
approximate solutions obtained by HANTM are highly accurate. 
The graphs of the numerical results are also shown.
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